Abstract-This paper studies the velocity control of a large-range piezoelectrically actuated (piezo) stepper. The main contribution of this paper is to extend the Poincaré-map approach for evaluating the stability of the stepper dynamics in the presence of Coulombfriction nonlinearity, which has a jump discontinuity with velocity. Additionally, inversion of the stepper-dynamics model is used to find the piezo input for controlling the stepper velocity, and modelbased predictions of the stepper velocity are evaluated using an experimental-stepper system.
Stability of Velocity Control for a Piezoelectric Stepper I. INTRODUCTION
T HIS paper studies the velocity control and stability of a large-range piezoelectrically actuated (piezo) stepper. Beginning with the initial design in [1] , steppers such as those using stick-slip actuation have been used to achieve high precision over a relatively large range by making multiple steps [2] - [4] in applications such as scanning probe microscopy [5] , [6] and alignment of optical components [7] , [8] . The main contribution of this paper is to extend the Poincaré-map approach (that typically requires the dynamics to be Lipschitz continuous) for evaluating the stability of the stepper dynamics in the presence of Coulomb-friction nonlinearity, which has a jump discontinuity with velocity. Additionally, inversion of the stepper-dynamics model is used to find the piezo input needed to control the stepper velocity, and model-based predictions of the stepper-velocity variations with changes in the driving-waveform amplitude are evaluated using an experimental-stepper system. Such velocitycontrol methods can be integrated with feedback techniques to achieve position control-although, this is not studied in this paper.
Selection of the piezo motions (driving waveforms) is an important issue in stepper designs such as inchworm-type steppers [9] , walking-type motion [10] - [12] , and underwater insectile steppers [13] . Current research efforts have focused on the appropriate selection of these driving waveforms, which include standard time profiles such as sinusoidal, sawtooth, and square waves [13] . Additionally, the driving waveform can be optimized [12] to minimize the slip between the actuators and the The authors are with the Department of Mechanical Engineering, University of Washington, Seattle, WA 98195-2600 USA (e-mail: wilcos@uw.edu; devasia@uw.edu).
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Digital Object Identifier 10.1109/TMECH.2014.2326396 motion stage. In contrast, the study presented here aims to use slip to generate the friction force that leads to the stepper motion.
(Potential wear is reduced by using nylon spheres between the contact surfaces.) In addition to studying the effect of the driving waveform on the stability of the stepper velocity, the current study finds the piezo inputs to achieve the driving waveform by modeling and inverting the stepper dynamics. The resulting driving waveforms are then applied to an experimental system to evaluate the approach. Friction nonlinearity makes it challenging to show that a timeperiodic actuator-excitation (e.g., with one of the standard driving waveforms such as the sawtooth pattern with periodicity T ) leads to a stable, periodic, stepper velocity. In this paper, a Poincaré-map approach (see [14] ) is used to evaluate the stability of the motion resulting from a periodic excitation. Note that the Poincaré-map approach can be used to predict stability of periodic solutions x p (t + T ) = x p (t) of a continuous-time, differential equation of the formẋ = f (x, t) where f is periodic in time t with period T , i.e., f (x, t + T ) = f (x, t). For example, the stability of a periodic solution x p (·) can be related to the stability of the initial condition x p (0) in the discrete-time Poincaré map P : x(0)→x(T ) generated by the solutions x(·) of the continuous-time, differential equation over one time period [0, T ], e.g., see [14, Th. 71.1] . Such arguments tend to require the function f to be (Lipschitz) continuous in the state x, e.g., [14] , [15] . However, Coulomb friction nonlinearity has a jump discontinuity with velocity and is, therefore, not continuous in the state x. This paper extends the use of the Poincaré-map approach to evaluate the stability of the steady-state stepper velocity in the presence of such discontinuities in the stepper dynamics. Additionally, the rate of convergence to the steady state is numerically obtained to provide estimates of the stepper's settling time.
This paper begins with model development in Section II. The model is used to develop the control law and to analyze the stability of the stepper velocity in Section III. Section IV presents the experimental results and discussion. Conclusions are in Section V.
II. STEPPER MODEL
This section describes the modeling of the system dynamics and the estimation of the model parameters.
A. System Description
The stepper body (see Fig. 1 ) is constructed of a T-shaped panel with three [Lead-Zirconate-Titanate (PZT)] piezoelectric (piezo) bimorph actuators (Q220-A4-303YB from Piezo Systems Inc.) acting as legs for the system. In this design, three legs were used, which is the minimal number needed to define the contact plane with the ground, and to avoid tipping over when stationary. Additional legs would overconstrain the contact problem between the legs and the ground plane and, therefore, would require substantial additional precision in the system assembly. The bending vibrations of the piezo change the direction of the friction force F at the contact with the ground through nylon spheres attached at the tip of each actuator as shown in Fig. 1 . Furthermore, the overall stepper motion is constrained to move along a track in a single direction (y b -axis)-the only force along the direction of the stepper's motion is the friction force F , a third of which acts on each piezo as illustrated in Fig. 1 .
The motion of the center of mass of the stepper, approximated as the position y b of the T-shaped body where most of the mass is located, is given by
The friction force depends on the velocity of the nylon sphereṡ y ns with respect to the stationary track. For example, if all the piezos act in the same manner, and if the nylon-sphere velocityẏ ns = 0, then the friction can be modeled as the standard coulomb friction
where μ k is the kinetic-friction coefficient, and g = 9.81 m/s 2 is the gravitational constant. If the nylon-sphere velocity is zero,ẏ ns = 0, then the friction force F (1) will be the static friction
Note that the magnitude of the static friction force F adjusts to maintain the nylon-sphere velocityẏ ns at zero, until the friction force F saturates at the static-friction limit μ s M t g. The nylonsphere velocityẏ ns depends on both the velocity of the stepper bodyẏ b and the rate of piezo-tip deflectionẏ p since the nylonsphere motion y ns is the sum of the stepper-body motion y b and the piezo-tip deflection y p (with respect to the stepper-body motion), i.e.,
Therefore, for the sticking case, maintaining a zero nylon-sphere velocityẏ ns = 0, requires the friction force F to maintain zero nylon-sphere acceleration
or from (3)ÿ
unless the friction force F saturates at ±μ s M t g. This leads to the following stepper-body dynamics [from (1) and (5)]
where μ s is the static-friction coefficient. Therefore, the stepper dynamics depends on the piezo-tip motion (y p ), which is modeled next.
B. Piezo-Tip Deflection y p Model
The piezo deflection is modeled as the bending w(x, t) of a cantilever beam attached to the main body that is considered to be a lumped mass M b . The net positionỹ(x, t) of a point x on the piezo actuator (see Fig. 1 ) at time t is given by the sum of the main body motion y b (t) and the deflection w(x, t) of the piezoactuator, i.e.,ỹ
1) Euler-Bernoulli Beam:
The piezo dynamics is modeled by the Euler-Bernoulli beam approach as [16] ρA ∂
where f (x, t) represents external forcing. Additionally, the piezo parameters include the density ρ, the cross-sectional area A, the elastic modulus E, and the moment of inertia I. The piezo deflection w(x, t) can be separated into spatial Y (x) and temporal T (t) parts
and the beam dynamics (10) can be rewritten [using (9) ] as
The homogeneous form of (11), obtained by setting r(x, t) = 0, can be separated into independent spatial and temporal equations
with the standard boundary conditions for a cantilever beam
where L is the piezo length. The resulting spatial solution of the nth mode Y n is given by [16] Y n (x) = sin(β n x) − sinh(β n x) + σ n (cos(β n x) − cosh(β n x)) (13) where
and for the first vibrational mode (n = 1) [16] β 1 L = 1.875 and σ 1 = 0.7341.
spatial solution Y n given by [16] . For the nonhomogeneous case [r(x, t) = 0 in (11)], the general piezo deflection w(x, t) can be considered to be a linear combination of these mode shapes, i.e.,
2) Dynamics of the First Vibrational Mode: Using the orthogonality of the mode shapes, the first mode dynamics (n = 1) can be extracted from (11) by: 1) substituting the piezo displacement w(x, t) from (15); 2) multiplying (11) with the first mode shape Y 1 (x); and 3) integrating over the beam length, i.e., (16) to yieldT
The external forcing term f (x, t) in r(x, t) [see (11) ] is given by where M is the applied moment due the voltage V acting on the piezo actuator
H is the thickness of the piezo actuator, and d 31 is a piezoelectric coefficient. Moreover, the external forcing term f (x, t) includes a third of the total friction force F . Carrying out the integration of (17) and adding a damping term leads tö
where (21) and ζ 1 is the damping ratio. With the one-vibrationalmode model, the piezo-tip deflection
which can be substituted into (20) to obtain the piezo-tip dynamics
The piezo-tip dynamics (23) and the stepper-body dynamics (6)- (8) represent the overall stepper model.
C. Model Parameters
The procedure to find parameters of the stepper model is described next, and the values are provided in Table I . 
1) Actuator Parameters:
To estimate the parameters (23) , the stepper was suspended above the track. With the actuators not in contact with the ground, the friction force is zero and the piezo body remains stationary, i.e., F = 0 anḋ y b = 0. Then, the piezo dynamics reduces to [from (23) ]
and the associated transfer function is
where K DC is the dc gain of the actuator. A Kalman SMU-9000-15N inductive sensor was used to measure the piezo-tip deflection, for different sinusoidal inputs, generated using a Stanford Research Systems Digital Signal Analyzer. The resulting experimental frequency response is shown in Fig. 2 . Although piezos have infinite modes of vibration, the frequency response plot in Fig. 2 suggests that the experimental frequency response can be modeled with a second-order model up to 1 kHz. The fitted model parameters (ω 1 , ζ, K DC ) for one of the piezo actuators are shown in Table I ; effects of higher order dynamics and variation of model parameters (between piezos) are not considered here for simplicity. The measured piezo dimensions (length L, width W , and thickness H) are provided in Table I ; the length L can be used to find the mode shape Y 1 (x) in (13) (with n = 1), to find parameters K 1 from (21) and K 3 from (25). Similarly, (21)] is computed with cross-sectional area A = HW and mass density ρ from [17] .
2) Friction Parameters:
The coefficients of kinetic friction μ k and static friction μ s in the stepper-body dynamics (6)- (8) were determined experimentally, and the system was weighed to find the total mass M t . To determine the coefficient of kinetic friction μ k , a mass (rectangular block) with nylon spheres attached to its base was released down the acrylic track tilted at an angle θ as shown in Fig. 3 . A video recording was taken to find the position z(t) of the mass along the track as a function of time t given by
where v 0 the initial velocity (at time t = 0) and the acceleration a s along the slope were estimated by minimizing the leastsquares error between the fitted function (27) and the recorded motion data, e.g., as shown in Fig. 3 . Since the acceleration along the slope is given by
the coefficient of kinetic friction μ k can be computed from the estimated acceleration a s as
Similarly, the coefficient of static friction μ s can be found by determining the largest angle θ = θ * at which the mass (rectangular block) does not slide, and then setting a s = 0 in (29) to obtain
III. STABILITY OF STEADY-STATE STEPPER MOTION
The design of the piezo motion (driving waveforms), the piezo input needed to achieve the driving waveform, and the stability of the resulting steady-state stepper motion are studied in this section.
A. Driving Waveform
The net impulse on the stepper in each period (of a periodic driving waveform) depends on the direction of the friction force. Therefore, modification of the time intervals for which the friction force is positive or negative in each period can be used to adjust the stepper velocity. Note that the piezo-tip velocitẏ y p affects the direction of the friction force F . For example, if the stepper-body velocity is zero (ẏ b = 0), then from (2) and (3), the friction force F is positive (F = μ k M t g > 0) when the piezo-tip velocity is negative (ẏ p < 0), and the friction force F is negative (F = −μ k M t g < 0) when the piezo-tip velocityẏ is positive (ẏ p > 0). Therefore, the lengths of the time intervals during which the piezo-tip velocityẏ p remain positive or negative (e.g., time-interval lengths t n and t p for an example velocity profile in Fig. 4 ) can be adjusted to generate a net impulse to drive the stepper in a specified direction.
If the desired piezo-tip deflection y p is increasing over time interval (−t n , 0) and decreasing over time interval (0, t p ), then the piezo-tip velocity is positive and negative over these time intervals, which in turn, affects the impulse generated by the friction force over one time period t n + t p . In this study, the driving waveform (piezo-tip deflection y p ) is chosen as two polynomials
where both are fifth-order polynomials to maintain continuity conditions on the position, velocity, acceleration, and jerk, i.e.,
The coefficients are found by applying the following four continuity conditions on the piezo-tip deflections
where y p,max is the maximum deflection of the piezo, and the following eight continuity conditions on the velocity, acceleration, and jerk, i.e., Equations (32) and (33) can be solved to find the parameters of the two fifth-order polynomials (31) for the driving waveform.
An example, 100-Hz driving waveform y p is shown in Fig. 5 , where the positive and negative time-interval lengths t p , t n are chosen to be approximately two to one, i.e., t p = 0.0065 s and t n = 0.0035 s, and satisfying the condition that the driving frequency f dw is given by f dw = 1/(t n + t p ) = 100 Hz.
The maximum displacement of the piezo is y p,max = 200 μm for this example driving waveform. Note that this example driving waveform can be scaled by a constant while retaining the same time interval over which the velocityẏ p is positive, and similarly maintain the time interval over which the velocityẏ p is negative.
B. Stepper-Body Motion
The resulting stepper velocity for a given driving waveform y p , and the stability of the steady-state stepper velocity are analyzed in this section. For example, the stepper velocity resulting from the driving waveform in Fig. 5 , obtained by simulating the stepper dynamics (6)- (8) with zero initial stepper-body velocityẏ b (0) = 0, is shown in Fig. 6 . The stepper-body velocitẏ y b tends to oscillate at steady state with the same frequency f dw = 100 Hz as that of the driving waveform y p . An upper bound Δ max (ẏ b ) for the maximum change in the stepper-body velocity in one period can be found, by equating the momentum change and the maximum impulse in any one direction (i.e., the product of the friction force and one half of the time period), as
C. Poincaré-Map-Based Stability Analysis
To evaluate the stability of the steady-state stepper-body velocityẏ b , consider the Poincaré map P y p generated for a given piezo driving waveform y p
obtained as the map of the stepper-body dynamics (6)- (8) over one time period [−t n , t p ], i.e.,
as illustrated in Fig. 7 using numerical simulations for different initial conditionsẏ b (−t n ).
The resulting Poincaré map P y p is plotted in Fig. 8 -note that it has a fixed point at X * . This fixed point X * indicates that the stepper-body dynamics has the same initial and final states
and a corresponding single-period steady-state solution which is shown in green (thick dashed line) in Fig. 7 .
The following lemma shows that the fixed point X * is stable in the sense that repeated application of the Poincaré map (i.e., application of multiple cycles of the driving waveform) will drive the system state (at the start each time period of the driving waveform) toward the fixed point X * , i.e.,
for all initial states X 1 in a given region [X min , X max ].
Lemma 1:
The fixed point X * of the Poincaré map P y p is stable if for X ∈ [X min , X max ]
and the fixed point X * is contained in the region, i.e., X * ∈ [X min , X max ]
Proof: Repeated application of the Poincaré map P y p ,
from an initial condition X 1 ∈ [X min , X max ] leads to convergence toward the fixed point since
When the initial state X becomes large (relative to the driving waveform velocity), the stepper-body velocity changes along a straight line as seen in Fig. 7 . Therefore, the difference between the initial state X and the P y p [X] is a fixed value even if initial value X increases. Hence, the slope of the Poincaré map P y p tends to a constant value (of one) as the initial value X increases to infinity, as seen in Fig. 8 .
D. Convergence Analysis Over the Entire Time Period
Convergence to the fixed point X * in the Poincaré map P y p implies that repeated application of the driving waveform will lead to convergence of the stepper-body velocityẏ b at the beginning of each time period (of the nominal time interval I = [−t n , t p ]) to the equilibrium point X * . In the following, it is shown that convergence at the beginning of each time period leads to convergence over the entire time interval. The analysis is split into two cases: 1) without sustained sticking; and 2) with sustained sticking.
1) Sustained Sticking Region:
We begin by clarifying the region when sustained sticking (i.e., sticking over a nonzerolength time interval) can potentially occur for a given driving waveform. Sustained sticking occurs at time t if: 1) the nylon-sphere velocityẏ ns = 0 resulting in [from (3)]
and 2) the static friction force is not saturated, i.e., [from (7)]
Note that the first condition (42) depends on both the stepperbody velocityẏ b and the velocity of the driving waveformẏ p . However, the second saturation condition (43) only depends on the driving waveform velocityẏ p , and it can be used to define a set S (dependent on the driving waveform velocityẏ p alone) where sustained sticking can potentially happen
The set of such points is shown in Fig. 9 (bottom) for the driving waveform y p with maximum piezo displacement y p,max = 125 μm. If the stepper-body velocityẏ b intersects the negative of the driving-waveform velocity −ẏ p at a time instant t in the region S, then sustained sticking will occur (over a nonzerolength, time interval around the time instant t) since these velocities and accelerations are continuous functions in time and S is an open set. Therefore, the conditions for the sticking will be valid for a potentially small, but nonzero-length, time interval around the time instant t. A similar definition of the actual region for sustained sticking S * that depends on both conditions is
and hence depends on the specific stepper-body velocityẏ b [from the condition in (42)]. The actual region of sustained sticking can be smaller than the potential set of sustained sticking S. For example, the actual sticking region S * (for the steady-state stepper-body velocityẏ ss corresponding to the driving waveform y p with maximum piezo displacement y p,max = 125 μm) shown in Fig. 9(top) is substantially smaller than the potential sticking region S.
If the maximum piezo displacement y p,max is large enough, the steady-state stepper body velocityẏ ss never sticks during a time period [−t n , t p ]. For example, if the maximum piezo displacement y p,max = 200 μm, then the steady-state stepper body velocity does not stick during each time period as shown in Fig. 10 .
2) Convergence Without Sustained Sticking: From the Poincaré map P y p , if the distance between a perturbed solutionŷ b (·) and the corresponding steady-state solutionẏ ss (·) at time −t n (at the start of each time period) gets smaller over repeated applications of the driving waveform y p , then the following analysis shows that the distance between the two nearby solutions gets smaller over the entire time period I = [−t n , t p ]. This implies stability of the steady-state solutionẏ ss (·) with repeated application of the driving waveform y p .
Lemma 2: Let the sticking points associated with the steadystate stepper-body velocityẏ ss be finite in number, N i ,
satisfying, from (3),ẏ ss (t i ) = −ẏ p (t i ) and lie outside the closureS * of the actual sustained-sticking region S * (45), i.e.,
wherē Additionally, let the static friction coefficient μ s be larger than the kinetic friction coefficient μ k , i.e., μ s > μ k . Then, for each sticking-point t i associated with the steady-state solutioṅ y ss , there exists a neighborhood N i (t i , Δ i ) wherein perturbed solutionsŷ b (·) to the stepper-body velocity also have a unique nonsustained sticking point. Here, a neighborhood N i (·, ·) is defined as
Proof: If sustained sticking is avoided at time instants t i , then from the definition of sustained sticking point (45) and condition (47) of the lemma
Due to continuity of the driving waveform's accelerationÿ p , the aforementioned inequality condition (50) will be met in some local neighborhood N i,1 (t i , Δ i,1 ) of the time instant t i . Away from a sticking point, the derivatives of the stepperbody velocityẏ ss can be determined from (2) as
resulting in a linear equation in time (in a local neighborhood
where the sign of the accelerationÿ ss can change only after a sticking point, e.g., as illustrated in Fig. 11 (left) . Then, the functions (representing the difference between the negative of the driving waveform velocity −ẏ p and the stepper-body velocitẏ y ss )
with
are continuously differentiable in local neighborhoods
from (50) 
as in (49) 
This implies that there are unique intersections (in the neighborhood N i (t i , Δ i )) between the negative of the driving-waveform velocity −ẏ p and the straight lines that are offset by perpendicular distance δ from the steady-state stepper-body velocityẏ ss given by [similar to (52)]
The lemma follows since solutions to the stepper-body velocity (in the neighborhood N i (t i , Δ i )) are along one of these straight lines before intersecting (and similarly for the case after intersecting) with −ẏ p , the negative of the driving-waveform velocity. Lemma 3: Let conditions of lemma 2 be satisfied. Furthermore, let nearby solutions to the stepper-body dynamics not have sticking points other than in the neighborhood N i (t i , Δ i ) around t i (46) as in lemma 2. Formally, let the negative of the driving-waveform velocity −ẏ p be separated from the steadystate stepper-body velocityẏ ss at time instants t that are away from the sticking points, i.e.,
for all time t outside the neighborhoods N i (t i , Δ i ) in lemma 2, i.e.,
where without loss of generality, it is assumed that there is no sticking at the initial time −t n ∈ I * since the initial time can be redefined to be a point without sticking. Moreover, letŷ b (·) be a solution to the stepper-body velocity that is nearby the steady-state solutionẏ ss (·) with an initial perturbation δ 0 at the beginning of the time interval (t = −t n ) 
provided the initial perturbation δ 0 is sufficiently small. Proof: For sufficiently small initial perturbation δ 0 < δ as in (57), from lemma 2 there is a unique nonsustained sticking point t i for the perturbed velocityŷ b in each neighborhood N i (t i , Δ i ) around the sticking points t i of the steady-state solution,ẏ ss . Furthermore, the perturbed velocityŷ b and the steady-state velocityẏ ss are parallel while they are on the same side (above or below) the negative of the driving-waveform velocity −ẏ p as illustrated in Fig. 11 . Due to the dynamics in (2), the perturbed velocityŷ b dynamics are similar to the steady-state velocityẏ ss dynamics (51)
Consider the first intersection t 1 with δ 0 > 0, where t 1 ,t 1 satisfy [due to sticking condition (42)]
and
Furthermore, consider the case when stepper-body velocities (ẏ ss ,ŷ b ) are above the negative of the driving-waveform velocity −ẏ p (t) before the first sticking point
Note that the condition in (65) implies that the stepper-body accelerations (ÿ ss ,ŷ b ) are negative from (51) and (63). Moreover, the positive initial perturbation δ 0 > 0 implies that the sticking point of the perturbed solution occurs later, i.e., Δ t > 0 or t 1 > t 1 . The difference between the two solutions can be found as, from (61) The lemma's claim for negative initial perturbation δ 0 < 0 follows by switching the two velocitiesŷ b andẏ ss in the above arguments. The argument for the case when the stepper-body velocities (ŷ b andẏ ss ) are below the negative of the drivingwaveform velocity −ẏ p also follows from similar arguments. Additionally, the argument can be repeated at other sticking points t i ,t i .
Note that there are no other sticking points (other thant i ∈ S) for the perturbed velocityŷ b if the initial difference δ 0 is sufficiently small, i.e., from (50) δ 0 < δ p,ss which ensures that the perturbed velocityŷ b will remain sufficiently close to the steady-state velocityẏ ss to avoid the necessary condition for sticking, i.e.,
for any time t ∈ I * (60).
3) Convergence With Sustained Sticking:
For the sustained sticking case, a similar result can be shown (as in Lemma 3) since sustained sticking to the same (negative) driving-waveform velocity profile −ẏ p ensures convergence after sticking, as shown next.
Lemma 4: Let the closureS * (48) of actual sustainedsticking region S * (45) be a union of ordered, disjoint time intervals, i.e.,
Moreover, let the initial points t i,ini of each time interval in I S * lie inside the open set of potential sticking points S (44)
Finally, let the absolute value of the time derivative of the driving-waveform velocity satisfy in some local neighborhood of t i,ini
Then, for each initial sustained-sticking-point t i,ini associated with the steady-state solutionẏ ss , there exists a neighborhood N i (t i,ini , Δ i,ini ) wherein a perturbed solutionsŷ b (·) (as in lemma 2) to the steady-state stepper-body velocity will have a unique sustained sticking point.
Proof: This follows from the inverse-function theorem with arguments similar to the proof of lemma 2 since the time derivatives (55) of the difference functions (53), with t i replaced by t i,ini , will be nonzero at the initial points t i,ini . The details are not repeated for brevity.
Lemma 5: Let conditions of Lemma 2 apply to all nonsustained sticking points of the steady-state stepper-body velocityẏ ss . Furthermore, as in Lemma 3, let the negative of the driving-waveform velocity −ẏ p be separated from the steadystate stepper-body velocityẏ ss at time instants t that are away from the nonsustained sticking points and initial time instants of the sustained-sticking instants (72), i.e.,
for all time t outside the neighborhoods
where I * is defined in (60), and furthermore, it is assumed that there is no sticking at the initial time, i.e., −t n ∈ I * ini . Additionally, letŷ b (·) be a solution to the stepper-body velocity that is nearby the steady-state solutionẏ ss (·) with an initial perturbation δ 0 at the beginning of the time interval (t = −t n ) as in (61). Then, the difference between the perturbed velocitŷ y b and steady-state velocityẏ ss cannot increase with time [as in (62)], for all t a , t b ∈ I, provided the initial perturbation δ 0 is sufficiently small.
Proof: The proof is similar to that of lemma 3-for the case without sustained sticking. The main difference is for the case with sustained sticking-a perturbed solutionŷ b sufficiently near the initiation of a sustained-sticking region will also have sustained sticking, and the perturbed velocityŷ b will have converged to the steady-state velocityẏ ss . For example, if sustained sticking occurs at time t i , then a perturbed stepper-body velocityŷ b , sufficiently close to the steady-state velocityẏ ss will also lead to sustained sticking from Lemma 4. Therefore, both the steady-state velocityẏ ss and the perturbed velocityŷ b will be the same at the end (time t i,fin ) of the corresponding sustainedsticking neighborhood defined in (71), i.e.,
leading to convergence to the steady-state solution after time t i,fin .
Convergence at the initial time −t n of the periodic interval ensures convergence over the entire time interval [−t n , t p ] from Lemmas 3 and 5, even in the presence of Coulomb friction nonlinearity, which has a jump discontinuity with velocity. Then, standard Poincaré theory arguments [14] , [15] can be used to show that repeated application of the driving waveform leads to convergence to the periodic steady-state solution.
E. Rate of Convergence
The convergence rate for the entire time period can be estimated by evaluating the Poincaré map at different time instants inside the time period I = [−t n , t p ]. Here, the steady-state solutionẏ ss (·) of the stepper dynamics (6)- (8) (6)- (8) is subject to the initial conditionẏ b,1 (−t n ) = 0 and later solutionṡ y b,κ+1 (·) are subject to the initial condition that is the final state of the previous solution, i.e.,
Then, as in (40), a uniform bound on the entire time period [−t n , t p ] can be found as
where κ is the number of applications of the driving waveform, and the distance between two solutions is defined as
Numerically, with a finite number of shifted Poincaré maps (ten for this example), the convergence rate γ * over the entire period can be estimated as maximum of the corresponding convergence rate as in (76). Then, the settling time is defined as the number of cycles κ needed to reduce the distance from the κth solutionẏ b,κ (·) to the steady-state solutionẏ ss (·) to be less than 2% when compared to the distance from the initial solutioṅ y b,1 (·) to the steady-state solutionẏ ss (·)
An estimated settling time κ est can be obtained as, from (41),
where γ * est is the estimate of the slowest convergence rate γ * found using a finite number of Poincaré maps (ten for the results shown here) in the time period [−t n , t p ]. The settling time κ is found through simulations and the estimated settling time κ est are compared in Table II . The convergence is faster than the (somewhat conservative) estimate of the setting time. 
F. Control Law
The input (voltage V ) needed to achieve the desired waveform (piezo deflection y p ) can be obtained from (23) as
The input V can be partitioned into two parts: one part, V piezo , is the inverse input that compensates for the piezo dynamics and the other part, V friction , is the part that compensates for the friction, as
The components of the input V (t) are shown in Fig. 12 for an example driving waveform with amplitude y p,max = 200μm and frequency f dw = 100 Hz. Note that the dynamics of the piezo changes the shape of the input component V piezo when compared to the dc-gain input V DC without dynamics compensation, where
The addition of the friction compensation V friction leads to sharp changes in the input associated with the changes in friction direction when compared to the input without the friction compensation, i.e., V piezo .
IV. EXPERIMENTAL RESULTS AND DISCUSSION
This section compares the predicted and experimental observations, followed by a discussion of results.
A. Experimental Setup
The experimental system is shown in Fig. 13 . The input signal V (82) was generated using MATLAB and then sent through a LabView script and a National Instruments (myDAQ) digitalto-analog converter. The signal was filtered to avoid exciting higher unmodeled frequencies of the piezo using two low-pass filters (cutoff at 8 kHz) and amplified before being applied to the stepper, which was confined to a single-axis acrylic track. A camera (60 frames/s) was used to record the overall motion of the stepper.
B. Results and Discussion
The input V (83) was applied to all three piezos, repetitively as in common practice for such steppers [4] , [19] - [21] , and the distance d i travelled by the stepper over time interval τ i was measured using recorded video to find the average velocity v and the standard deviation
The average velocity v was compared to the estimated steadystate velocity v est found using the steady-state velocityẏ ss (found through simulations) 
The same section of the track was used for all of the experiments for consistency, and the experiments were performed for different amplitudes of piezo displacements y p,max -125, 150, 175, 200, 225, 250 μm with seven runs at each piezo-displacement amplitude, and the results are shown in Fig. 14 and numerical values are provided in Table III . Maximum actuator deflections y p,max were limited to this range, as below 125 μm, displacement yields negative steady-state velocitiesẏ ss and deflections above 250 μm began to yield inputs that Fig. 16 . Frequency response of the modeled piezo (25) (Solid) and the piezo with a 5% perturbation in the damping ratio ζ 1 (dashed, top) and 5% perturbation in the natural frequency ω 1 (dashed, bottom). 
C. Parameter Sensitivity
The open-loop approach proposed here will lead to errors in the achieved velocity in the presence of disturbances and modeling errors. To determine the effect of parameters errors, simulations were performed [(6)- (8) and (23)] when using the input V [from (83)] computed using the original parameter values. The steady-state percent error e ss is defined as where v per is the average of the steady-state velocityẏ ss,per of the system with parameter error defined as
The errors e ss for different parameter variations are shown in Fig. 15 for a 100-Hz waveform with maximum piezo displacement y p,max = 200 μm when simulating errors in the natural frequency ω 1 , damping ratio ζ 1 , system mass M t , and coefficient of kinetic friction μ k , one parameter at a time. Note that the error e ss is more sensitive to natural frequency variations when compared to the changes in the other parameters. This is because, with a sharp peak in the frequency response, a small change in the location of peak (due to changes in the natural frequency ω 1 ) can cause a larger error in the model (frequency response) when compared to, say, a small change in the shape of the frequency response due to change in the damping ratio ζ 1 , as illustrated in Fig. 16 . Nevertheless, as seen in Fig. 15 , the system error tends to be small if the parameter error is small. Therefore, careful estimation of system parameters can lead to small errors. For example, the experimental results in Fig. 14 are close to the predicted results-even with the use of an approximate model and potential errors in estimation of parameters.
D. Performance for Position Scanning
The preceding stability analysis also provides estimates of the stepper performance, which can be used in design. For example, for velocity control, the settling time with a step change in stepper-body velocity was quantified in Table II , and the size of the steady-state oscillation in the stepper-body velocityẏ b seen in Fig. 6 was quantified in (35). These can be used to quantify performance of stepper-body, position control during scanning operation.
To illustrate quantification of positioning performance, consider a triangular, position scanning operation achieved by using velocity switching as shown in Fig. 17 . The driving waveform is initially chosen as y p (with maximum piezo deflection y p,max = 200 μm as in Fig. 5 ) and switched to driving waveform −y p when the stepper-body position y b reaches y b = y trans , then switched back to driving waveform y p at stepper-body position y b = −y trans , and so on. The effective scanning region (where the stepper-body velocityẏ b is at steady state) is approximately 85% of the total position trajectory, and the velocity-transition region, indicated by the shaded region in Fig. 17 , represents an "overscan" region, which is common in typical scanning applications, e.g., [22] , [23] .
Oscillations in the position are to be expected during the scanning region due to the triangular oscillations of the steadystate, stepper-body velocity as shown in Fig. 18 
The number of driving waveform cycles needed to reach steadystate position scanning at time t scan,1 after the transition time t trans,1 (in Fig. 17 ) can be estimated from Table II for a maximum piezo displacement y p,max = 200 μm as κ est = 17 cycles-the actual settling time from simulations was found to be ten cycles, which falls within this estimate. Note that the oscillations (in position and velocity seen in Fig. 18 ) are fundamental to this design of the stepper. Approaches to reduce these steady-state oscillations include: 1) decreasing the coefficient of friction μ k ; and 2) increasing the driving frequency f dw as seen from (35) and (92).
E. Future Work
Future work will aim to design the piezo-system to reduce the oscillations in the stepper velocity. Alternate approaches, such as the use of multiple waveforms to reduce these oscillations [24] are also being investigated. Closed-loop methods can lead to additional reduction of the steady-state errors. Although feedback is not the focus of this paper, the current approach enables closed-loop schemes where the velocity (and the position) can be adjusted by changing the maximum piezo displacement to change the average velocity, e.g., as in Fig. 14 . However, additional theoretical and experimental efforts are needed to evaluate potential feedback schemes, and their stability and robustness.
V. CONCLUSION
The control and stability of a large-range piezoelectrically actuated (piezo) stepper was investigated theoretically and experimentally. The analysis presented here developed conditions for the driving waveform to enable stable steady-state motion of the stepper even in the presence of Coulomb friction nonlinearity that has a jump discontinuity with velocity. Toward this, the Poincaré-Map approach was extended to evaluate the stability of the steady-state stepper velocity in the presence of discontinuities in the stepper dynamics. Moreover, experimental results show that piezo input to achieve the driving waveform can be found by inversion of the stepper-dynamics model.
